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ABSTRACT: An approximate method for estimating the entropy of macromolecules with computer simulation
is developed and applied preliminarily to relatively short (N < 49) self-avoiding walks (SAWs) on a 3-choice
square lattice and a 5-choice simple-cubic lattice. The accuracy of Sgy, the contribution of the excluded volume
(EV) effect to the entropy, is estimated for both lattices to be better than 1%. However, when the SAWs
are confined within a “box”, additional long-range contacts are formed and the estimated accuracy of Sgy
becomes not better than 2-7%. We discuss ways to improve the accuracy of the method and explain how
it can be extended to polymer models with EV and finite interactions (attractive or repulsive) as well.

Introduction

Calculation of the entropy of systems with short-range
interactions (e.g., simple liquids) by means of computer
simulation is not trivial’® and becomes very difficult for
macromolecules, where long-range interaction prevails. Go
and Scheraga™ developed a method (based on normal
coordinate analysis) for calculating the conformational
entropy of macromolecules undergoing small (i.e., har-
monic) fluctuations around their stable state (e.g., the
a-helical state of a polypeptide) and applied it to several
short polypeptides.®'® They also calculated’ the entropy
of a polypeptide in its random coil state at the 6 point,!112
i.e., neglected the excluded volume effect (see also ref 13).
Recently, Karplus and Kushick! suggested calculating the
covariances of the internal coordinates directly from the
molecular dynamics or Monte Carlo simulation rather than
performing normal coordinate analysis and applied their
method to the molecular dynamics simulation of deca-
glycine and butane. These approximate treatments cover
only the two extreme cases of very small and very large
conformational fluctuations and are not applicable to states
with intermediate chain flexibility.

In the present work, we develop a different procedure
for estimating entropy, which, in principle, can be applied
to any macromolecular state simulated with any computer
simulation technique.’®® In this preliminary study,
however, we apply the method to a relatively simple model,
the self-avoiding walks (SAWSs) (or chains with excluded
volume (EV)) simulated with the direct Monte Carlo
(DMC) procedure®® on a square and a simple-cubic (SC)
lattice. To model the strong, long-range, attractive in-
teractions in a protein molecule, for example, we also
confine the chains within a small “box” of varying size.
Because of “sample attrition”,'* we were able to study with

DMC only short SAWSs of N < 49 (where N is the number
of links in a walk). However, the DMC procedure enables
us to obtain accurate estimates for the entropy using an
asymptotically exact formula and thereby to examine the
accuracy of our results. Our results are also compared to
estimates for the entropy obtained with series expansion,
and we also discuss how to extend our method to self-in-
teracting SAWs,

Theory

Direct Monte Carlo. Self-avoiding walks of N steps
with equal probability can be generated on a lattice by
successively selecting random steps until a walk of N steps
has been constructed or until double occupancy occurs at
some lattice site; in this case the process stops and a new
walk is started. This procedure, known as direct Monte
Carlo (DMC),' is very inefficient for generating samples
of long walks. It is due to the law of sample attrition,
saying that the ratio of walks of N steps that avoid self-
intersection, Wy, to the total number of walks started, W,
constitutes a fraction decreasing exponentially with N.1
However, this ratio enables one to estimate the entropy.
The following relation holds:

Wx/Wo = Cy/qlg - DN 1)

where ¢ is the lattice coordination number (reverse steps
are forbidden) and Cy is the total number of possible
SAWs of N links starting from a given point. The entropy
S is20,21

S =kglog Cy=kpllogg+(N-1)log(g-1) +
log (Wy/Wp)] (2)

where kg is the Boltzmann constant. The first two terms
in eq 2 define Sy, the entropy of an ideal chain without EV
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Sy = kgllog ¢ + (N - 1) log (g - 1)] (3)

The last term in eq 2, which will be denoted —Sgy, is the
negative contribution to the entropy due to EV

SEV = SI -S= _kB lOg (WN/ Wo) (4)

Although the DMC is an inefficient procedure, we em-
ploy it in the present work since it enables us to compare
our results with estimates for the entropy obtained with
eq 2 and 4. These equations will also be used to estimate
the entropy of chains with EV restricted within a box of
size (2L + 1)¢, where d is the dimensionality.

Exact Enumeration of SAWs. The exact number of
SAWs of N steps, Cy, has been calculated up to N = 24
and N = 19 for the square and the simple-cubic (SC)
lattices, respectively.?2 For large N, Cy is approximately
expressed by®

Cy = CoNT 1N %)

where ~v, u, and C, are parameters calculated by series
expansion (SE)? or renormalization group techniques.?
For the square and SC lattice, we use the SE estimates v
= 4/, and 7/, respectively, and u = 2.6385 and 4.6838,
respectively.? These values and the exact values of Cy,
and C,q enable us to solve eq 5 for the values of Cy, which
are used to calculate Cy for N = 393 and N = 49.

Approximate Method for Estimating Entropy. We
describe now a procedure, different from DMC, for gen-
erating SAWs with equal probability. Consider a lattice
of any dimensionality with coordination number g, and let
us construct a SAW that starts from the origin of the
coordinate system. The first bond (step) is determined
in one of ¢ directions with equal probability 1/g. In the
next steps of the process (k > 1) the probability of selecting
a direction v (v = 1, ..., @) out of ¢ — 1 allowed ones is not
constant 1/(g — 1) as in the DMC but becomes a function
of step k in the following way: Assume that we are at the
kth step of the process; i.e., k —~ 1 directions of the chain
V1, ..y Vg have already been determined and we want to
specify v,. The exact transition probability py(v|vy,e..¥p-1)
for selecting a direction » should take into account all of
the possible partial SAWs of N - k + 1 bonds, which can
be obtained in future steps of the process (steps %, ..., N).
Those as-yet-undetermined partial SAWs should be dis-
tinguished from the & — 1 bonds already fixed and therefore
we call them the future SAWs (FSAWs). One can calculate
M,*(vy,...,v5-1), the number of FSAWs starting with a di-
rection v at step k (for a given set of vy, ..., ,_;), and define
the transition probability for »

De|pseppy) = Mk”("h---,l’kq)/ZMk"(Vp---,V/H) ()]

v, is selected by a lottery according to the p;’s and the
process continues. Once a SAW { of N bonds has been
constructed, one knows its construction probability P;,
which is the product of the N sequential transition prob-
abilities with which the directions »,, ..., vy have been
chosen

N
P; = q_lgzpk("klyh---,l’k-l) 7

At each step of a particular construction all of the possible
FSAWs are taken into account with equal probability.
Furthermore, a construction cannot fail (v, that might lead
to a failure is associated with M’ = 0, which means zero
transition probability.) Hence, P; = Cy! for all i, which
means that the entropy (kg log Cy) has zero fluctuation.?
Obviously, this exact construction procedure is impractical
for large N and we therefore suggest approximating it by
defining (in the same manner as eq 6) transition proba-
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bilities p;(#|v1,...,v5-1,0) based on FSAWs consisting only
of b bonds, where b is a small number, rather than of N
—~k + 1. Strictly speaking, the FSAW length is b’ = min
(b, N-k + 1). In this case, a probability P;(b) can also
be defined

N
Pb) = Q'lkl;Izpk(Vlep---ka-nb) (8

However, it should be pointed out that, in contrast to P,
(eq 7), P;(b) depends on i since not all FSAWs are taken
into account for their entire length. For that reason not
every SAW attempted with the approximate procedure can
successfully be completed, and therefore P;(b) constitutes
only an approximate expression for the true probability
of SAW i in the ensemble of all SAWs. Obviously, the
larger b is, the better the approximation.?’

Now suppose that a sample of n SAWSs has been ob-
tained with any computer simulation technique!®!” and
we want to estimate the entropy. For that, let us assume
that this sample has been hypothetically generated with
the approximate procedure described above rather than
with the computer simulation method actually employed.
Under this assumption one can reconstruct for each di-
rection v, 2 < k < N, of SAW i the transition probability
Dr(vg|v1yeesvp-1,0) With which »;, has been hypothetically
determined and calculate P;(b) (eq 8). The entropy is
estimated by S(b)

S(b) = -7y 2 1og Pi(b) ©)

where i(t) is SAW i sampled at time ¢. In this work, we
are interested in Sgy(b), the entropy due to the EV effect

Sgv(b) = S; - S(b) (10)

Note that the values of P,(b) are not equal and therefore
the fluctuation of S(d), AS(b), is larger than zero; however,
AS(b) is expected to decrease with the improvement of the
approximation, i.e., increasing b; we shall estimate it by
AS(b)

AS(B) = (n 1% [~k log Piy(b) - SBIH2 (1)
t=1

It should be remarked that the main contribution to Sgy
comes from the small loops, which are more frequent than
the large ones. Therefore, one would expect that small
values of b would already lead to relatively accurate results
for Sgy. However, when the chain is confined within a
“box”, more long-range contacts are formed and b should
therefore be increased. It should also be pointed out that
the approximate construction procedure for SAWs de-
scribed above takes into account at each step & all of the
k - 1 directions previously determined as well as the
FSAWs of length b. Therefore, our approximation is better
than approximations based on higher order Markov chains
previously studied.?2%-3!

Our method is also expected to be useful for estimating
the entropy of chains with EV as well as finite attractive
or repulsive interactions where eq 2 and 4 cannot be em-
ployed. In this case, however, for each step % of the pro-
cess, one has to calculate the energy Ey, of every FSAW
! starting in direction ». E|,, takes into account the in-
teraction energy between future steps of [ among them-
selves and the interaction energy between future steps of
[ and the & — 1 past steps. M,’(b) is then defined by
Boltzmann factors

My (b) = Lexp(-Ey,/ksT) (12)
()

where T is the absolute temperature. The transition
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Table I
Entropy of Self-Avoiding Walks on a 3-Choice Square Lattice®?
N=19 ' N =39 N=49
L b S/Nkg Sgv/Nkg AS/Nkg L b S/Nkg Sgv/Nkg L b S/Nkg Sgv/Nkp
w 1 0.0559 (4)¢ 0.0409(3) ~ 1 0.0624 (2) = 1 0.0640 (3)
4 0.0800 (1) 0.0074 (1) 4 0.0960 (3) 4 0.0993 (1)
7 1.03315 (1) 0.08060 (1) 0.00152 (2) 7 1.0073 (2) 0.0987 (2 7 1.0019 (2) 0.1026 (2)
DMC¢ 1.0324(3) 0.0813 (3) DMC 1.0067 (4) 0.0993 (4) DMC 1.0005(1) 0.1040 (1)
series¢ 1.03316 0.08059 series 1.0069 0.0991 series 1.0009 0.1035
6 1 0.125 (1) 0.062 (1) 13 1 0.080 (1) 18 1 0.0715 (4)
4 0.163 (3)  0.036 (1) 4 0.1137 (4) 4 0.1063 (3)
8 0.9389 (1) 0.1747(1) 0.0086 (1) 8 0.9900 (3) 0.1160 (3) 7 0.9949 (3) 0.1096 (3)
DMC 0.938 (1) 0.176 (1) DMC 0.986 (1) 0.119(1) DMC 0.9922 (3) 0.1122 (3)
5 1 0.162(2) 0.0679(5) 10 1 0.091(2) 14 1 0.081 (2)
4 0.2166 (4) 0.0345 (5) 4 0.132 (1) 4 0.1170 (3)
8 0.8860 (4) 0.2277 (4) 0.0101 (3) 8 0.967 (1) 0.138 (1) 7 0.9830 (3) 0.1214 (3)
DMC 0.885 (1) 0.229 (1) DMC 0.961 (1) 0.145(1) DMC 0.979 (1) 0.126 (1)

4@ N is the number of bonds in a walk, 2L + 1 is the box’s size, and b defines our approximation (see text). ? § is the
total entropy, Sgy the entropy due to excluded volume, and AS the fluctuation of S (for definition, see text). ¢ DMC
denotes results obtained with eq 2 and 4. 9 Series denotes the series expansion results obtained from Cp (eq 8 using para-
meters from ref 23). For N = 19, the exact value of C,, is used. ¢ The statistical error of the last digit appears in paren-
theses; e.g., 0.0559 (4) = 0.0559 £ 0.0004. These errors have been calculated from three different DMC runs with different
random number sequences,

Table II
Entropy of Self-Avoiding Walks on a 5-Choice Simple-Cubic Lattice®
N=19 N=39 N=49
b L S/Nkg Sgv/Nkg AS/Nkg L S/Nkg Sgy/Nkg L S/Nkg Sgv/Nkg

1 e 0.0344 (3) 0.249 (1) o 0.0407 (3) = 0.0421 (7)
4 0.0408 (3) 0.00325 (4) 0.0501 (1) 0.0524 (1)
5 1.5781 (3) 0.0409 (3) 0.00187 (7) 1.5639 (1) 0.0503 (1) 1.5605 (4) 0.0527 (4)
DMC 1.5784 (3) 0.0406 (3) 1.6639 (2) 0.0503 (2) 1.5601 (6) 0.0530 (6)
series 1.5784 0.0406 1.5639 0.0502 1.5606 0.0525

1 5 0.078 (1) 0.0396 (3) 8 0.0567 (5) 8 0.0598 (2)
4 0.0911 (1) 0.0223 (1) 0.0683 (2) 0.0741 (2)
5 1.52632 (3) 0.09272(3) 0.0185 (2) 1.5451 (2) 0.0691 (2) 1.5382 (2) 0.0751 (2)
DMC 1.5230 (7) 0.0960 (7) 1.5416 (4) 0.0725 (4) 1.5321 (3) 0.0811 (3)
1 4 0.122 (1) 0.0517 (5) 6 0.077 (1) 7 0.0679 (1)
4 0.1478 (4) 0.0239 (1) 0.0975 (2) 0.0854 (2)
5 1.4681 (2) 0.1511 (2) 0.0161 (1) 1.5144 (3) 0.0988 (3) 1.5260 (2) 0.0874 (2)
DMC 1.465 (2) 0.155 (2) 1.507 (1) 0.107 (1) 1.5185 (5) 0.0945 (5)

¢ See explanations for Table I.

probabilities are defined with the help of eq 6. We intend calculated for the unbounded (L = «) SAWSs the SE es-

in the future to apply our method to such systems (e.g., timates for the entropy using eq 5. The fluctuations AS(b)
see ref 32 and 33). have been obtained with eq 11 and are presented only for

Finally, we point out that the present method for esti- N =19, It should be pointed out that for both lattices and
mating the entropy is based on the concepts of a stochastic for all values of L our results for Sgy must decrease
process described recently for the square Ising lattice.?* monotonically with the improvement of the approximation,

) ] i.e., with increasing b. Our best approximation therefore
Results and Discussion constitutes a higher bound for the true values of Sgy (see
The results for the entropy of SAWs on square and SC ref 21). As expected, AS(b) decrease with increasing b; this

lattices are summarized in Tables I and II, respectively. holds for all chain lengths studied.
Samples of SAWs of length N = 19, N = 39, and N = 49 The Square Lattice. Let us discuss first the results
have been obtained with the DMC procedure. This ena- for the unbounded chains (L = «). For N = 19 our best

bles one to estimate the entropy with eq 2 and 4 and these result (b = 7) for Sgy is equal to the SE value within the
results are labeled DMC in the tables. For both lattices statistical error 0.012%; for N = 39 and N = 49 the results
the sample size Wy (Wy = n) ranges from ~500 to ~5000, for Sgy obtained by these two methods differ by 0.4% and
where the number of walks started, W;, ranges from 30000 0.9%, respectively. The difference from the DMC esti-
to 180000 for the square lattice and from 10000 to 30000 mates is 0.9%, 0.6%, and 1.4% for N = 19, N = 39, and
for the SC lattice. The chains are studied in unbounded N = 49, respectively (the DMC and the SE results agree
space (L = =) and alternatively they are restricted to within 1%). It should be noted that the results for S

“boxes” of size (2L + 1)¢, where d is the dimensionality (i.e., obtained by the three methods are in much better agree-
the walls of the “box” are excluded). Our results for Sgy ment than those for Sgy; this follows trivially from the fact
(eq 10) have been calculated for three values of b, and for that Sgy constitutes only ~10% of S; (eq 3).

the best approximation (the largest value of b) we also Confining the chain within the walls of a (2L + 1) X (2L

provide the values of S (eq 9). For comparison we have + 1) “box” imposes additional long-range restrictions and



252 Meirovitch

we therefore expect that the accuracy of our best results
for Sgv decrease with decreasing L. Indeed, the deviations
of these results from the corresponding DMC estimates
for N = 49 are about 2.3% and 4% for L = 18 and L =
16, respectively; for N = 39, the deviations are 2.5% and
4.8% for L = 13 and L = 10, respectively (only for N =
19 a slight trend in the opposite direction is observed). It
should be pointed out that the convergence of our ap-
proximations to the “correct” DMC values (as a function
of b) is rapid for both the bounded and unbounded SAWs:
the results for Sgy for our crudest approximation (b = 1)
deviate from the DMC values by 30-40%. The results for
b = 4 are already much more accurate and deviate from
the DMC results only by 0.7-7%. This behavior occurs
because most of the contribution to the entropy comes
from the short loops.

The SC Lattice. The results for the SC lattice (Table
IT) show behavior similar to that which has been detected
for the square lattice. For L = = the results for Sgy for
our best approximation b = 5 deviate from the SE and
DMC estimates by less than 0.8%. For L # « the devi-
ation is larger and ranges from 3% (N =19, L =4) t0 7.5%
(N =49, L = 7), which is comparable to the deviation
observed for the square lattice. Since the ratio Sgy/S; is
smaller for the SC lattice than for the square lattice, the
results for S obtained by the three methods are in a better
agreement for the SC lattice than for the square lattice.
It should be pointed out that the results for Sgy for the
crudest approximation (b = 1) deviate only by 15-28%
from the DMC values as compared to 30-40% for the
square lattice. This stems from the fact that the excluded
volume effect is stronger in the square lattice than in the
SC lattice.

Better approximations for the entropy can be obtained
by increasing the length b of the FSAWs. However, this
will also increase the required computer time since most
of it is spent on calculating the hypothetical transition
probabilities.

Conclusions

We have developed a general method for estimating the
entropy of macromolecules with computer simulation and
applied it to relatively short SAWs (N < 49) on square and
SC lattices. Our results are compared to the results ob-
tained from series expansion and from the DMC data using
eq 2 and 4. For the unbounded chains (L = «), the ac-
curacy is estimated to be better than 1%. When the chain
is confined in a box, the accuracy worsens and ranges
between ~2% and 7%. As the next step, we intend to
apply the method to lattice models of macromolecules with
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EV as well as with attractive interactions.3?33
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